This paper investigates the dynamic response to a time-harmonic oscillating moving load of a system comprising a covering layer and half-plane, within the scope of the piecewise-homogeneous body model utilizing of the exact equations of the linear theory of elastodynamics. It is assumed that the materials of the layer and half-plane are anisotropic (orthotropic), and that the velocity of the line-located time-harmonic oscillating moving load is constant as it acts on the free face of the covering layer. Our investigations were carried out for a two-dimensional problem (plane-strain state) under subsonic velocity for a moving load in complete and incomplete contact conditions. The corresponding numerical results were obtained for the stiffer layer and soft half-plane system in which the modulus of elasticity of the covering layer material (for the moving direction of the load) is greater than that of the half-plane material. Numerical results are presented and discussed for the critical velocity, displacement and stress distribution for various values of the problem parameters. In particular, it is established that the critical velocity of the moving load is controlled mainly with a Rayleigh wave speed of a half-plane material and the existence of the oscillation of the moving load causes two types of critical velocity to appear: one of which is less, but the other one is greater than that attained for the case where the mentioned oscillation is absent.
Introduction
In this paper, within the scope of the piecewise-homogeneous body model and through the employment of the exact equations of the linear theory of elastic waves the dynamics of a system comprising an orthotropic layer and orthotropic half-plane under the action of an oscillating moving load is studied. Note that this study is a continuation of that which was made in the paper by Akbarov and Ilhan (2008) for the case where the external moving load is not oscillating. At the same time, in that paper the brief review of the related investigations carried out by Achenbach et al. (1967) , Auersch (2006) , Karlström, 2006 , Bespalova (2007 , Madshus and Kaynia (2000) , Green et al. (1952) , Biot (1965) , Truestell and Noll (1965) , Guz (1986a Guz ( ,b, 2004 , Akbarov and Ozisik (2004) , Zhuk and Guz (2007) , Akbarov (2006 Akbarov ( , 2007a , Yahnioglu (2007) and many others are given. Moreover in that paper the moving load problems are classified from various points of view, one of which is based on the investigative approach.
As a more detailed description and analysis of the classifications mentioned above and specific approaches were given in the paper by Akbarov and Ilhan (2008) , therefore we will not dwell on those here. Nevertheless we will cover herein those arising after the writing of that paper and, where necessary, those that must be considered again.
In Babich et al. (1986) , the dynamical response was considered for a system consisting of a layer and pre-strained half-plane. The equation of motion for the covering layer was described by Timoshenko beam theory, but the equation of motion for the half plane was described by three-dimensional linearized theory of elastic waves in initially stressed bodies (TLTEWISB). The solution to the corresponding boundary value problem was determined by using the exponential Fourier integral transformation. Corresponding numerical investigations were made for the case where constitutive relations for the half-plane material were described in terms of harmonic potential. Moreover, it was assumed that the speed of the moving load was constant and the subsonic case had been taken into consideration. These numerical investigations led to the further study of the parameters' influence on critical velocity in the second study by Babich et al. (1988) utilizing the complex potentials of TLTEWISB. In Babich et al. (2008a,b) the foregoing investigations of these authors are developed for the supersonic moving load acting for compressible (2008a) and incompressible (2008b) bodies. employed the findings of Babich et al. (1986 Babich et al. ( , 1988 in developing a case where the covering layer is also strained initially, and where the equation of motion for this layer is also described by TLTEWISB; from this, the influence of the problem parameters on the critical velocity was studied. However, assumed the materials of the covering and half-plane to be isotropic. This assumption significantly restricts the theoretical investigations in terms of controlling the critical velocity values for the moving load and the stresses acting on the interface plane through the mechanical properties of the layer and half-plane materials. Therefore, the study by Akbarov and Ilhan (2008) further develops the investigation in for the case where the materials of the covering layer and half-plane are anisotropic (orthotropic). Note that the anisotropy of the covering layer materials in the aforementioned systems may occur as a result of oriented reinforcing elements present in these materials. At the same time, under certain conditions, multi-layered soil (half-plane) or a multi-layered covering plate can be modeled as a homogeneous orthotropic material with effective mechanical properties.
Furthermore, it should be noted that the foregoing determination of a system consisting of a stiffer layer and soft half-space or soft layer and stiffer half-space is not applicable in cases where the materials of the covering layer or of the half space are orthotropic, because, in the latter case, there are six independent moduli of elasticity and many wave speeds associated with these moduli. Therefore, for cases where the materials of the covering layer or of the half-space are orthotropic, whether the system consists of a ''stiffer layer and soft half-space" or ''soft layer and stiffer halfspace" must be indicated. In the aforementioned paper by Akbarov and Ilhan (2008) , within the ''stiffer layer and soft half-space" system, the modulus of elasticity of the covering layer material in the moving load direction is greater than that of the half-plane material, and the corresponding numerical results are presented for this case. These results illustrate the influence of the mechanical properties of the covering layer material and the influence of the initial stresses on the values of the moving load's critical velocity and on the stresses acting on the interface plane between the layer and half-plane.
As noted by Hussein and Hunt (2007) , Degrande and Schillemans (2001) , Lefeuve-Mesgouez et al. (2000) , Auersch (2008) and many others, in reality high-speed trains, cars and other highspeed transportation vehicles modeled as moving loads are accompanied by their own oscillations. To determine how these accompanying oscillations act on the dynamical response of the system considered requires corresponding additional investigations. These investigations are the subject of the present paper; in other words, in the present paper the investigations carried out in Akbarov and Ilhan (2008) are developed for time-harmonic oscillating moving loads. However, in order to focus on the study of the influence of the aforementioned oscillation of the moving load on the dynamics of the system considered in the present paper (in contrast with the paper by Akbarov and Ilhan (2008) ) it is assumed that there are not any initial stresses in the constituents of this system.
Throughout the paper repeated indices indicate a summation over their ranges. However, underlined repeated indices are not to be taken as sums.
On the formulation of the problem and solution method
The object of the investigation is the same one which is considered in the paper by Akbarov and Ilhan (2008) is an initial stress in the kth component of the system) and schematically shown in Fig. 1 . At the same time, the notation, the equation of motion, the mechanical and geometrical relations, the contact conditions, the boundary conditions at x 2 ! À1 and the boundary condition at x 2 ¼ 0 with respect to r ð1Þ 12 which are used and written in the paper by Akbarov and Ilhan (2008) occur also in the present paper and therefore for reducing the size of the paper we do not rewrite they here again. However the boundary condition with respect to r 
The case determined by relation (8) 
3 ðsÞ which enter into the expression (9).
From the algebraic equations we find the aforementioned unknowns and, employing the inverse transform
we determine the sought stresses and displacements. Now consider the calculation of integral (12). In the case where Akbarov and Ilhan (2008) ) or in the case where V ¼ 0 (as in Akbarov (2006 Akbarov ( , 2007b ) the integral (12) (6). Therefore in the latter case the calculation of the integral (12) must be done without the aforementioned reduction. Consequently, given the calculation of the integral (12) we must use the relation 1 2p
The values of S Ã in (13) Thus, we now consider the numerical results obtained within the framework of the solution discussed above and related to the influence of the oscillation frequency of the moving load and the mechanical properties of those on the values of the critical velocity and on the values of the displacement and of the stresses acting on the interface plane between the covering layer and half-plane.
Note that under obtaining these numerical results the algorithm used in the paper Akbarov and Ilhan (2008) was developed with respect to the case considered in the present paper.
Numerical results and discussion
Within the framework of this paper we cannot consider the analyses and discussions of the numerical results regarding the kinds of values of all problem parameters which characterize the anisotropic (orthotropic) properties of the covering layer and half-plane materials. Therefore, we must limit the changing range of these parameters. As in Akbarov and Ilhan (2008) , in the present paper we assume that the material of the half-plane is isotropic, i.e. We will now analyze the graphs of the dependencies c ¼ cðshÞ which were obtained within the scope of assumptions (18)-(21). Note that the numerical results (not given here) show that the dependencies c ¼ cðshÞ in cases where e ¼ E ð2Þ =E ð1Þ 1 > 1 do not have any local maximum or minimum for which dc=dðshÞ ¼ 0. Such local maxima or minima arise only in cases where e < 1, i.e. in cases where the modulus of elasticity of the covering layer material in the direction of the Ox 1 axis (Fig. 1) is greater than that for the half-plane material.
Thus, we investigate the influence of the dimensionless frequency X determined by the relation given in (7) The graphs shown in Fig. 2 are attained for complete contact condition. Such graphs are also attained for incomplete contact conditions but these graphs have not been shown here because they have the same character as the graphs given in Fig. 2 . Note that in this figure the graphs constructed under X ¼ 0:0 coincide with the corresponding ones attained in Akbarov and Ilhan (2008) . At the same time, we consider the comparison of the value of the critical velocity attained in the case where X ¼ 0:0 by employing the algorithm and PC programs used in the present investigations with those attained by and Babich et al. (1986) . The results are presented in Table 1 for various e under complete as well as incomplete contact conditions. Note that in this table the values of V cr: =c ð1Þ 12 are illustrated, because and Babich et al. (1986) had made the corresponding discussions on the dimensionless velocity V cr: =c ð1Þ 12 . Moreover, note that the results shown in this table and in Fig. 2 hold true for the correctness of the approach used, as well as the algorithm that PC programs have produced for this numerical investigation. Also, it follows from the forego- Guz (1986a Guz ( ,b, 2004 and Biot (1965) ), the accuracy of the results attained by Timoshenko theory as well as by other refined plate theories is reduced as the degree of the anisotropy increases. Only in such cases does the necessity arise for the employment of the exact equations of elastodynamic motion -a step which has also been taken in Akbarov and Ilhan (2008) and in the present investigation. Again we turn to the discussion of the numerical results obtained in the case where X > 0. Table 2 shows the values of c Table 3 .
In Tables 2 and 3 
Peat, organic clays and soft marine clays which can be taken as the half-plane materials have a Rayleigh wave velocity as low as 120-200 km/h (see, for example, a paper by Madshus and Kaynia (2000) ). Consequently, in the foregoing and other similar cases, numerical results obtained for the critical velocity of the moving load and tabulated in Tables 2 and 3 have a realistic meaning. It should be noted that in a qualitative sense this conclusion is in agreement with the experimental and theoretical results obtained by Madshus and Kaynia (2000) . Moreover, if we consider the case where h $ ð10 À2 Ä 1Þ m and c According to Degrande and Schillemans (2001) , the oscillation frequency of modern high-speed trains is in the region of 10 Ä 200 Hz. Consequently, the considered values of X, or the values attained for X 0 and X 00 also have realistic meaning.
It follows from the relations (22) and (23) and from the foregoing tables that the incompleteness of the contact conditions reduces the lower limit of the values of V Now we consider the distribution of the displacement in the direction of the Ox 2 axis (Fig. 1) of the points of the interface plane between the covering layer and half plane and the distribution normal stress acting on that plane. In obtaining the numerical results (which will be discussed below) it is assumed that e ¼ 0:2. Note that we will consider the results attained for the complete contact Table 2 The influence of e1 on the values of c and, first, consider the influence of the frequency of the moving load (i.e. the influence of the parameter XÞ on the distribution of the displacement u 2 ðx 1 Þ. In this case we will restrict ourselves with small frequencies, i.e. we will assume that 0 6 X 6 0:03 because the main interesting effects of the oscillation of the moving load on the u 2 ðx 1 Þ arises most often for the aforementioned small frequencies. The graphs of this distribution are given in Fig. 3 under c ¼ 0:6; l 1 ¼ 0:5; e 1 ¼ 0:5 from which it follows that the influence of the X on the values of u 2 is non-monotonic, i.e. before (after) X ¼ 0:002 the absolute values of u 2 ðx 1 Þ increase (decrease) with X. It should be noted that this concluding occurs for the considered value of c (i.e. for c ¼ 0:6Þ and for almost all selected X (except X ¼ 0:05Þ. The maximal absolute value for u 2 ðx 1 Þ arise at point x 1 =h ¼ 0. Therefore, to illustrate the influence of the X on the values of u 2 ðxÞ for various values of c, it is expedient to consider the graphs of the dependence between u 2 ð0ÞE ð1Þ 1 =ðP 0 hÞ and c for various values of X because u 2 ð0Þ is a vertical displacement of the interface plane point which is very close to the moving load acting point. These graphs are given in Fig. 4 . To clarify the illustrations, the graphs are divided into two parts as follows. In the first part (Fig. 4a ) the load moving velocity c is changed within the interval ½0:0; 0:8, i.e. before the certain vicinity of the critical velocity, but in the second part (Fig. 4b ) these graphs are given for the interval ½0:85; 1:05, i.e. before the very near vicinity of the critical of the critical velocity. It follows from the foregoing graphs that the jumps arise in the values of u 2 ð0Þ with c. The arising of these jumps is characteristic of the considered mechanical processes and is explained with the reflection and retraction of the waves from the interface plane between the covering layer and half-plane. At the same time it clearly follows from the graphs that for such values of X, under which there exists critical velocities. Fig. 4b also shows that the absolute values of u 2 ð0Þ increase indefinitely as c ! c0 cr . The above discussed results in the quantitative sense agree with the corresponding findings attained in Auersch (2008) in which the effect of the moving ''strip" loads on the vibrations of soft soil and isolated railway is studied in cases where the moving load velocity is near to the critical velocity. Moreover, it should be noted that the foregoing results are attained for the values l 1 ¼ 0:5; e 1 ¼ 0:5, but similar results are also attained for other values of the problem parameters l 1 and e 1 .
We consider the influence of the oscillation frequency of the moving load on the distribution of the normal stress r 22 h=P 0 with respect to x 1 =h. In this case we select a wider range for the frequency X 0 6 X 6 0:7 ð Þthan that selected for the consideration of the displacement distribution. Because the analyzed stress act 0776(0.195) on the interface plane and adhesion strength of the system depend directly on the values of this stress. The graphs of these distribution are given in Fig. 5 for various values of X under c ¼ 0:4. It follows from these graphs that in the near vicinity of the load acting point (i.e. in the interval 0 6 x 1 =h 6 2:0Þ the absolute values of the considered stress decrease with X.
It should be noted that, although the graphs regarding r 22 show the distribution of the ''amplitude" of the stress r cause the discontinuity of the distributions of the stresses and displacements with respect to x 1 =h. Note that the mentioned discontinuity and jumping is characteristic for dynamical problems and is explained with the wave reflection from the interface planes between the covering layer and half-plane. As an example, we here consider the distribution of the stress r Fig. 6a and b, respectively. It follows from these graphs that the symmetry of the considered distribution with respect to the straight line determined by equation x 1 =h ¼ 0 is violated with X and c. Consequently, the absolute maximum value for the stress r
22 ðx 1 ; ÀhÞ is attained at the point which is ahead of the moving load acting point but is in the near vicinity of this point, i.e. is in the vicinity for which x 1 =h < 0:5. Nevertheless these absolute maximum values of r should be noted that the non-monotonic character of the dependence between r 22 h=P 0 and X was also noted and analyzed in the papers of and Akbarov (2007a) and in other papers listed therein. However, in the mentioned papers the materials of the covering layer and half-space materials were assumed to be isotropic. Fig. 7c shows the influence of the moving load velocity on the dependence between r 22 h=P 0 and X under l 1 ¼ 0:5. According to 
Conclusion
From the results analyzed above the following conclusions were reached:
There exists a certain limit for the oscillation frequency after which the critical velocity does not exist. The interval of the frequency under which the critical velocity exists is divided into two subsequent parts. In the first (second) part of this interval the values of the critical velocity decrease (increase) with frequency of the oscillation of the moving load.
The values of the critical velocity are controlled mainly with a Rayleigh wave velocity for the half-plane material; at the same time, the incompleteness of the contact conditions reduces significantly the values of this critical velocity.
The limit values of the oscillation frequency after which the critical velocity does not exists, are determined through the values of the critical velocity which are very near to the limit velocity for the subsonic regime. Therefore for the considered values of the problem parameters the mentioned frequency, and corresponding critical velocity, are determined mainly through the mechanical properties of the half-plane material.
In the quantitative sense, the values to be considered for the normal stress acting on the interface plane between the covering layer and half plane and displacement of the points of this plane are attained in the certain near vicinity of the load acting point.
After the oscillation of the moving load reaches a certain velocity, jumps arise in the stress and displacement values. The magnitude of these jumps depend on the anisotropy of the covering layer material and becomes more considerable for cases where the velocity of the moving load approaches its critical value.
At the same time, as a result of the oscillation of the moving load, the symmetry of the aforementioned distribution with respect to the point at which this load acts is violated for each moment of time.
Before the aforementioned first jump, there exists the ''resonance" value of the oscillation frequency of the moving load under which the stress considered has its absolute local maximum (''resonance") value. The values of the ''resonance" frequency decrease, but the values of ''resonance" stress increase with the velocity of the moving load.
The numerical results obtained in the present paper and regarding the influence of the mechanical properties constituents' materials and the magnitude of the initial stresses in those on the values of the critical velocity and of the stress distribution agree and confirm the corresponding ones obtained in the paper Akbarov and Ilhan (2008) . At the same time, the results attained for the influence of the moving load oscillation on the displacement of the point of the interface plane between the covering layer and half plane agree, in the qualitative sense, with the results attained in the paper Auersch (2008) .
